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Abstract


This paper systematically surveys the theory and
challenges to the aggregation and updating of
input-output matrices. We are concerned with
the static Leontief model. Firstly, we deal with the
analysis of unbiased aggregation and show that
the necessary condition to be satisfied are rather
severe and unlike to obtain in practice. Secondly,
we consider the biproportional adjustment, for
the updating of such matrices – the RAS method.
We conclude that for aggregation and updating of
input-output matrices there is a long and winding
list of challenging questions.

Introduction


From the early days of research on interindustry or
intersectoral relationships, investigators have
recognized the importance of the aggregation
problem and the fact that the results of the research
depend upon the particular procedures used to
combine industries or sectors. On the theoretical
side, the intersectoral relationship is part of a scheme
which first formulation goes back to Walras and
Marx. On the empirical side, the construction of
statistical tables so as to provide us with analogues of
theoretical models starts with Leontief.



As Morishima (1973, p.80) states "... Marx’s view of
aggregation is relatively clear, though not explicit".



As Leontief (1960) states:
"... the practical choice is not between
aggregation and nonaggregation but
rather between a higher and lower
degree of aggregation." (p.208).



Now, we intend to give some hints on the
updating of Input-Output matrices which
deals with the technical coefficients
reflecting technological change in a closed
Leontief model due to different sectoral
growth rates, changes in the internal
structure of the economy, variations in
the price systems and/or changes in the
final demand requirements.



The first systematic formalization of such
changes was introduced by Stone (1961)
and Stone & Brown (1962). This objective
was to devise a procedure that could be
used to update a given Input-Output table
without having to generate a completely
new set of inter-industry data.



Some improvement in the approach is due
to Stone (1963) as the “RAS Method”, which
consists of interactive updating technical
coefficient table by taking into account two
different simultaneous effects: i) upward and
downward trends in the degree of
production of different industries or sectors
(production effect) and ii) relative shifts in
input requirements of particular industries
or sectors (substitution effect).

Table 1: INPUT-OUTPUT STRUCTURE



In this paper, after this introduction to the
literature on aggregation and updating of
Input-Output matrices, in section 2 we
deal with the exact aggregation problem.
Section 3 examines a balance of gains and
losses on aggregation of Input-Output
matrix. Section 4 shows a systematic
presentation of the “RAS Method” and
extensions. Section 5 concludes.

2.The Exact Aggregation of an
Input-Output Matrix
Let us call Z an (m x n) aggregational operator. This
aggregator is a matrix which jth row consists of i zeros
followed by (j – i) units and (m – j) zeros, where zij = 1 if and
only if j is to be included in the Ith aggregated sector. That
is:

In order to continue our research for exact aggregation let us define I as the
(n x n) identity matrix associated with the original matrix and as the (m x m)
identity matrix associated with the aggregated matrix. Defining the matrices
and vectors, where obviously m<n, we may write:



The conditions arrived at are severe.
There is little probability that they will be
fulfilled. As Kossov (1972) states:
"From the economic point of view this
stipulation... means that the aggregation will
yield satisfactory results only when a chance in
the production pattern within the consolidated
group of sectors does not influence the
aggregated coefficients."



A large number of criteria have been proposed
for approximate aggregation. Among them we
have: similarity of coefficients, partial aggregation,
proportionality of final demand, uncorrelated final
demand, minimal distance idea, similarity of
demand patterns, and the capital intensity of the
activities. There are often formidable difficulties in
applying these criteria for general consistent
aggregation and normally several groupings need
to be made if the original number of industries is
large, or if input structures of members in the
same group are not the same in all details.



We do not intend to put forward the
above mentioned procedures of
approximate aggregation, since the
literature on this matter is well known. In
the next section we only intend to show
the balancing of gains and losses that
occur when we do an aggregation.

3. Balance of Gains and Losses
on Aggregation


Let us analyze some of these conditions:



Firstly, relative input price changes cause
substitution of one input for another or a sub set
for another. This means that either price changes
must be sufficiently small for there to be little
substitution or the relative proportions of
different inputs are fixed by technological
considerations. In this case a broader aggregation
is likely to result in close substitutes being
grouped into one sector, so that there would be
less chance of significant substitution of the
produced inputs of various sectors.



Secondly, it must be assumed that there is
no significant excess capacity within any
industry. With excess capacity, or very
large inventories of certain inputs, it may
be possible to increase the output
without proportional increases in all
inputs. A great degree of aggregation may
indicate that excess stocks of inputs by
some sectors would tend to be cancelled
out by depleted stocks in other sectors.

Thirdly, a great degree of aggregation will
tend to cancel out errors introduced by
indivisibilities.
 Fourthly, it is possible that, with a high
degree of aggregation changes in individual
industry coefficients will balance out over a
whole sector, thus some industries become
more capital using and others less so. It is
difficult to place too much reliance on the
prospect of averaging.




Fifthly, it must be considered that depending on
the degree of aggregation each sectorial
classification will cover a range of different
products. Either we should assume that each
product within the sector classification has the
same input structure, or that an expansion of the
sector results in an equi-proportional increase in
all products within the classification. In this case,
the degree of aggregation is a two edged sword:
on one hand, a very fine sectorial classification
would tend to guarantee a homogeneous input
structure. On the other hand, greater aggregation
again would allow for increased possibilities of the
cancellation of distorting effects.

4.The Updating of InputOutput Matrices Revisited




first systematic presentation of technical change in
the context of input-output tables was made by Stone
(1963) in what he called the "RAS-Method". It consists of
an attempt at updating the input-output matrices taking
into consideration simultaneously two effects. They are:
(a)
Relative shifts in the required input proportions
of certain industries; and
(b) The changes in productivity; i.e., upward and
downward tendencies in an industries degree of
fabrication.
The first is called "substitution effect" which requires a
adaptation of the rows. The second "fabrication or
productivity effect" requires a systematic adaptation of
the columns of the input matrix A.
The



The "RAS-Method" is also referred to as the "Biproportional
Method". This new teminology was introduced by Bacharach (1970)
and does not constitute an attempt to substitute names but to help
to abstract the mathematical characteristics from economic
associations. In fact the method is rather general and has been used
outside the inter-industry output applications. We will, however, use
only Stone's terminology. "RAS" is a code name that comes from
the notation:

where and are respectively the values of the input-output
coefficients at the initial (or basic) period and the target period.
Notice that and are two types of multipliers, the first is the
substitution effects and the second is the fabrication one.



Turning to the matrix notation, we say that the
adjustment operation, in order to obtain the new A*
matrix from the basic A matrix, consists in the
premultiplication of A by a diagonal matrix , and the
simultaneous post-multiplication by a diagonal matrix .
Thus, the relation between the basic (A matrix) and the
new matrix (A*) is given by:



Through the premultiplication the adjustment of the
rows is obtained and through the post-multiplication
the column's adjustment is obtained, provided that and
are known. In essence the problem consists of finding a
matrix having prescribed rows and columns and the
procedure only makes sense if substitution and
fabrication effects exert a systematic uniform influence
upon the rows and columns of the input-output table
through time.



In order to proceed we need the closed Leontief model
and the balance equation for production value plus
factor costs. They are respectively:

where 𝑥" is a diagonalized 𝑥 vector, 𝑒 is the unit vector and the comma
indicates a transposed matrix. 	
  

"Over the long run, input-output coefficients
for manufacturing industries tend to decline
due to improvements in efficiency and
fabrication particularly in chemical and
machinery industries. The opposite tendency
is found in the construction industry where
prefabricated materials become more
important and thus an increase of the
column sum of these input-output
coefficients is identified."



After considering all points above, we
think that it is worthwhile to discuss the
construction of the matrix by using a
different approach from that of inputoutput estimates. The alternatives include
engineering sources, forecasts by experts
via the "Delphi Method", the "BattelleC o l u m b u s Te c h n i q u e " , a n d l e s s
s o p h i s t i c a t e d f o r m s o f i n t u i t i ve
forecasting.



We do not think that the Delphi technique is
only useful for the exploration of the future,
since an improved understanding of the past
and present can also be attained. In this vein
it is necessary to experiment with new
techniques such as the Battelle Columbus
Method, which involves the direct generation
of A* from technological forecasts. We call
these techniques an ex-ante approach.

5. Concluding Remarks


There has been a recent resurgence of interest in
the aggregation problem of Input-Output
matrices as well as in the updating of such
matrices. In the present essay theoretical and
empirical considerations as these two problems
were revisited. Firstly, we considered the case of
aggregation in the static Leontief model. Secondly,
we dealt with the biproportional adjustment
technique, called the RAS Method in the InputOutput literature , in order to update
technological coefficients (the A* instead of the A
matrix).



The conclusion on this theoretical and empirical
literature is that we need to take into account
roads not to be taken. In the last few couple of
decades, a number of new approaches have
emerged incorporating new algorithms,
mathematical techniques and computational
support, but they have not been particularly
successful as a theoretical framework. It is not
too difficult to fully appreciate just how long and
winding the road ahead is in order to solve the
aggregation and updating of Input-Output
matrices.

